Aggregate production function, especially in its Cobb-Douglas and 
Introduction
Aggregate production function namely Cobb-Douglas production function (CDPF) and its upgrades like transcendental logarithmic (translog) or constant elasticity of substitution (CES) functions are still widely used and also discussed by various institutions and researchers. Estimation of aggregate production function has many purposes -from potential output gap estimation to growth accounting and total factor productivity (TFP) estimation. The ability to explain the aggregate output creation and economic growth on relatively simple basis is naturally still very attractive. However, the aggregate production function, especially in its simple Cobb-Douglas form, is continuously being criticized and tested for various reasons.
Generally, we may identify two areas of problems when dealing with aggregate production function. The first one is theoretical and can be labelled as truly critical. The second area is empirical and is not that much about critique but more about an observed gap between the aggregate production function assumptions (and estimates) and reality. Of course, these two areas often intersect usually giving feeding ground to each other.
When we take a brief look into the history of production function we may see it quite clearly. The first estimate and the introduction of the function by Cobb and Douglas (1928) 1 was instantly under heavy critique from various points of view -from econometrical to economic theory -as Douglas himself remembers (Douglas 1967) . One of the first critiques was made by Mendershausen (1938 Mendershausen ( ,1939 who criticized what the function really measures labelling the function as "confluent relation". However, the Cobb-Douglas function prevailed, on the contrary it has become very popular in time. Robert Solow uses Cobb-Douglas aggregate production function as a basis for his pioneering growth model (Solow 1956 ) and subsequent growth accounting formula (Solow 1957) which is widely used even today, more than 50 years later. On the other hand, Kaldor (1957) empirically proved that capital to output ratio is roughly constant in time which meant that economies should be in steady states according to Solow´s model (which was hard to believe). Abramowitz (1956: 11) addressed the aggregate production function residual -the TFP -and labelled it as a "measure of our ignorance". Moreover Brown (1957) proposed that Cobb-Douglas production is just an ex post applied accounting relation. Consequently, Simon and Levy (1963) very simply showed that the coefficients in CDPF function are easily obtained from income identity and that CDPF function is nothing more than a transformation of income identity. This finding is then readdressed several times -for example by Samuleson (1979) or Shaikh (1974) . On the contrary in 1960´s the production function evolves -new functions, namely CES and translog function, as upgrades to CDPF appear. Moreover, Arrow (1962) and Uzawa (1965) laid basis of new (endogenous) growth theory which was greatly improved by Romer (1986) and Lucas (1988) . The main driving force was to deal with problems the CDPF brings especially from the empirical point of view (constant capital to output ratio, proof of non-convergence). Despite these changes, the critique did not disappear. Simon (1979) concluded that neither CDFP nor CES function can be regarded as production functions but they should rather be viewed as "simply the accounting relation equating value of output to the sum of factor costs". Later Felipe and Adams (2005) and McCombie (2001, 2005) came to the same conclusion -that CDPF but also CES are not production functions in neoclassical sense, but just an income identity transformation. One would expect such heavy arguments will cause a withdrawal from aggregate production function. But what happened was quite the opposite. Since 1990´s CDPF and CES alike are becoming more and more popular among economist. Besides standard statistical estimates, the so called index approach also becomes popular 2 . On top of that aggregate production function becomes being used for estimation of potential output by various institutions like ministries of finance or central banks. Also the growth accounting and index approach (in various "modern" forms) are repeatedly used for TFP estimates and explanations of sources of growth.
From the empirical point of view estimation of Cobb-Douglas aggregate production function is facing various complications, especially with data that are being used. Besides that, some "strange" estimation results are sometimes presented as well. From the data point of view we have to deal with only two inputs when using standard CDPF or CES -capital and labour. In 1950´s crucial critique of capital in production function comes from post-Keynesians, namely Robinson (1953) and started quite famous "Cambridge capital controversy" debate. Robinson claimed that as we may aggregate capital only in terms of its values, we cannot separate it from distribution and prices. In other words when we aggregate capital we must use its money values because otherwise it is impossible. However, these values are partly determined by the rate of profit which is supposed in neoclassical view being dependent on the amount of capital that is used in production. This circularity in neoclassical theory was never sufficiently explained and has been damaging the aggregate production function theory till these days.
Besides this theoretical critique of capital in production function, other more practical problems occurred. Historically real capital stock was used and the main problem was to calculate the stock using usually the perpetual inventory method (PIM). However, such approach seems inappropriate today as it does not reflect the actual capital utilization. So called capital services seem to be a more eligible input as the utilization can be expressed only in terms of profits. To give a short example, an idle factory does not produce anything, thus generating no profit. It is therefore (correctly) not present in capital services but is (incorrectly) calculated towards capital stock 3 . It is definitely more appropriate and more in line with the critique above to use the capital services instead of capital stock. In practice capital services are usually defined as profits plus mixed income ). For the labour input the situation is very similar. Historically number of employees was used, but according to European System of Accounts (ESA 1995) the hours worked should be added instead. Moreover we could, as in the case of capital, address the utilization rate of labour. Again if we assume that more utilized labour is better paid and use the labour services instead of the labour itself. These are equal to total labour cost.
The "strange results" mentioned above address the fact that quite often estimates of Cobb-Douglas production function brought negative sign of capital (see Romer 1987, Girliches and Mairesse 1998) . Also Felipe and Adams (2005) gained such results even for the original Cobb-Douglas data from 1928 when adding a time trend for technological progress. A question arises why the aggregate production function, despite its huge empirical and theoretical drawbacks, is still so popular.
Surprisingly, in spite of various theoretical articles and critical experiments mentioned above, there is a very limited number of empirical studies dealing with the aggregate production function and its link to accounting identity. The purpose of this paper is therefore to empirically test the Cobb-Douglas and CES aggregate production function and to show empirically that it is rather an income identity in disguise than production function in the neoclassical sense. We focus on standard estimation of CDPF and CES using the capital stock, and then we use capital services and labour services as well. We compare these possible empirical approaches and make recommendations from the empirical point of view. We use data for the Czech Republic as all data needed for such estimation are available now.
Standard production function estimates
Firstly, we review the Cobb-Douglas function and its standard econometric estimation to highlight the problems such methodology produces. This function in its original form exhibits constant returns to scale (α+β=1) when elasticities of production on production factors should equal factor shares. They are supposed to be lower than 1 and higher than 0. Decreasing returns from particular factors satisfy Inada conditions. The original function states
where K stands for capital, L for labour and A is the Total factor productivity . Putting (1) in logarithms, which is the standard approach to linearize (1), we estimate the first model from Nevertheless, quarterly fixed capital stocks are not officially published. Such a situation is common for most statistical offices. Kamps (2006) notes that most researchers use a quarterly flow indicator of gross fixed capital formation instead of capital stock for econometric analysis (vector autoregressive models for public capital productivity analysis in Kamps' comment) . Such an indicator (which is inflow for the capital stock) is only one part of yearly change of the stock. Thus, it is inappropriate for production function analysis. Therefore, we proposed a method that uses the same data as official perpetual inventory method but it uses all possible information to divide three basic flows (gross fixed capital formation, consumption of fixed capital and other changes in the volume of assets) into quarters to calculate quarterly development of net stock indicator. For full description of this approach and quarterly stock estimates see Krejčí and Vltavská (2013) . All series were seasonally adjusted by Tramo Seats. The standard approach is to test for stationarity of time series and cointegration prior to the regression. However, Felipe and Adams (2005) correctly indicate that it is meaningless as we estimate identity in fact. This is explained in the following section. Moreover, we also test dynamic models where stationarity can be expected.
Applying the OLS on log-linearized (1) yields results that are not that satisfying. Consult Table 1 , ρ values in parentheses. Low DW statistics indicate autocorrelation in residuals; residuals are not normally distributed according to Jarque-Berra test. Elasticities definitely do not match the factor shares especially in the case of capital. Moreover, it seems that despite low correlation coefficient between independent variables, there is a strong collinearity present 6 according to Variance Inflation Factors (VIF) test (see Appendix). Such collinearity could potentially restrict the estimation leading to possible high variance of coefficients (low t-tests), implausible magnitude or sign of coefficients. In other words, the production function estimate possibly does not yield true information about the contributions of inputs to output. However, it should be stressed that contemporary approach of researchers in the field of production function is to accept the multicollinearity among independent variables, despite the well-known 4 It is quite common to use an index form or a growth form of the function using factor shares directly and not estimate them econometrically. However it is our intention to show that econometrical approach yields very different results. The average factor shares are 0.46 for labour and 0.54 for capital for period 1996-2011. This is in line with domestic studies. For example Hájek and Bezděk (2000) used labour share of 0.48 and 0.52 for capital, Hájek (2008) arrives to similar values but his approach to TFP estimate is criticized for using employed population instead of hours worked . 5 It means that ln( ) = 0 + where is the residual. 6 Although the correlation coefficient of capital and labour is around 0.3 it is, by far, not proof of the absence of collinearity (Belsley 1991) . It is because correlation is linear co-variability of two variables around their means, but collinearity refers to the presence of linear dependencies between two raw, uncentered variables (Silvey 1969). fact that it hinders interpretability of the estimated coefficients. Multicollinearity is regarded as typical characteristics of Cobb-Douglas functions estimates. Having the correlation coefficient much lower than the R 2 of all estimates and t-statistics of independent variables being high, then multicollinearity should not affect the validity of estimates (Kennedy 2003) . This is the case of the estimates presented in this paper. On the other hand, the results here must be corrected as they are clearly unrealistic. There are several ways how to deal with collinearity. The easiest way is getting rid of one of the variables but it would destroy the whole model (and production theory itself) and therefore it is not appropriate. Other possibility is to modify the model and add some other independent variables. This will be addressed in the following section. Kamps (2004) suggests to use panel data approach (either countries or industries) to deal with multicollinearity. Although this might be helpful, this paper deals with national aggregated data and this option is left for further research. However, the usual modification to deal with collinearity is to adjust the model for per capita terms when we assume constant returns to scale in production function. It is also convenient to allow for an exponential time trend of technical progress (so called Tinbergen-Solow equation). The modification of (1) in per capita terms with time trend is
where represents assumed exponential growth of technology over time. The total TFP then consists of long term constant, time dependent growth trend and short term fluctuations expressed by residuals. As Table 1 shows, modification (2) brings surprising result mentioned in the introduction -negative sign for capital to labour ratio. Besides the negative sign for capital, residuals are still correlated despite the time trend. As can be seen from the correlogram of residuals (see Appendix) there is a strong correlation at lag 1. In this case it is usual to adopt the autoregressive (AR1) process, where = −1 + . Doing this yields better results regarding the serial correlation in residuals but the overall model is not satisfying -the capital per hour worked variable is negative again.
The next possible step for gaining better results is to make first difference transformation of production function. This standard transformation probably solves the possible non-stationarity problem and under assumption of very small changes in variables we get the Solow´s growth accounting equation (Solow 1957 ) as 7 ln( ) = ln( ) + ln( ) + ln( ) ,
7 As generally growth rates can be approximated by difference in logarithms ln( ) = we get well known growth accounting as = + + .
where differences in logarithms approximately equal growth rates and estimated parameter b0 stands for the TFP long-term growth rate (trend). Although the growth of capital and labour is not collinear this time as VIF test shows (as contain Appendix) 8 estimating the growth accounting (3) using OLS however does not bring any better results. Capital is again negative and insignificant, residuals are serially correlated. As correlogram shows the residuals are again correlated at lag 1 so AR (1) process should be employed again. Doing so brings results that are not acceptable either. Although the residuals are not correlated this time, growth of capital is again negative and insignificant.
Obviously estimating standard quarterly Cobb-Douglas production function for the case of the Czech Republic is quite problematic. It is of course possible to move to more general form of production function -to CES function when we possibly might expect different results. The advantage of CES function is that it allows for non-unitary elasticity of substitution between factors. On the other hand, we should stress that it is still a two factor production function, just a general case of Cobb-Douglas, with all related critical issues mentioned above. The standard CES function with constant returns to scale originating from Arrow et al. (1961) has the form
when ρ represents the degree of substitutability between production factors. For ρ=0 we get standard Cobb-Douglas production function with unitary elasticity of substitution. The CES function is estimated by MLE (Maximum likelihood estimation) with starting values of α=0.54 and ρ=1. Using the Henningsen and Henningsen (2013) package in R, R-core (2013), we fitted CES with both additive (normal) errors and and multiplicative (lognormal) errors. Fit of the additive model is a bit better, but both estimates fit the data poorly. Although R2 is 0.75, the RMSE is 55302.98 and 56199.93, bias 3851.30 and -6106.32 for additive and multiplicative models, respectively. Estimated parameters of both additive and multiplicative models are rather extreme and unrealistic, since their values are right on the boundary of the parameter space. For both cases we get the estimate of α=1, ρ=1.546 and b0=-2.98. We explored much wider choice of the initial values with convergence to essentially the same point or divergence. Looking at the parameter estimates, it is clear that from the CES viewpoint, the data tend to favor a much simpler model than the full CES indeed! This pathological behavior is not surprising when we look at how badly the CES function (4) fits the data -as seen from the large RMSE and biases and diagnostic plots (not shown here). Restricting the ρ=0 yields the same (bad) estimates as CDPF estimate [1] in Table 1 because CES is simplified to CDPF. To conclude this section we may say that the standard production function estimates for Czech Republic on quarterly aggregated data simply do not work. Estimates are not consistent with production theory -elasticity of output to capital is either unrealistic or usually negative which is on the other hand conclusion obtained by many similar studies. Moreover the estimated elasticities are absolutely not equal not even close to factor shares as predicted by Euler´s theorem for the case of CDPF. Therefore we should discuss the production function itself -not only its specification and variables but especially the overall meaning of the function. Although the standard CobbDouglas production or CES might seem to work for other economies the case of the Czech Republic is (among others) the reason why to look for the revision of standard approach to production estimates and to deal with the critical insights highlighted in the introduction.
Production function and accounting identity
Cobb-Douglas production function suffers from several theoretical but also practical drawbacks that were many times mentioned by various researchers before and summarized in the introduction of this article. These problems might empirically lead to incorrect or misleading estimates as was demonstrated in previous section on Czech data. Therefore it is necessary to think of revision in standard approach to production function modelling -empirically and theoretically as well.
Firstly, let us take a look at the data. As mentioned above it is probably more correct to substitute the capital stock with capital services as they reflect the utilization of capital. The same is probably true for the labour services. Such approach was deeply studied by OECD (Ahmad 2004 , Schreyer 2007 and also used in contemporary practice (see Timmer, O'Mahony and van Ark, 2007 for example) . Capital services can be expressed as return to capital (net operating surplus plus mixed income) and consumption of fixed capital ) but they should also equal profit rate times capital stock. We may also, with a high degree of precision, calculate the capital services from the income identity. It shows how the income (value added) is distributed between capital and labour. We calculate capital services simply like 9 = −
where w denotes a labour cost rate and r represents the profit rate (both in real terms). In other words total income is equal to capital services plus labour services. For the case of Czech Republic the difference between capital services calculated from (5) and the profits plus mixed income is really negligible, the average deviation is 1,6% while the maximum deviation is 4% -see Figure 1 10 .
Figure 1: Capital services -calculation and differences
Source: Czech Statistical Office, own calculation Adjusting standard CDPF (1) by substituting capital services for capital and labour services for labour yields
Equation (6) differs from (1) especially in terms of which is now reduced by employing factor payments. It is quite interesting that (6) can also be obtained from the accounting identity itself as Felipe and Adams (2005) suggests. If we start with (5) and make first differences we get 9 Samuleson (1979) uses this approach in his Strategic counterexample labeling it as "profit returns to property". 10 Data about profits and mixed income were available only for the time series 1999-2011. We may however consider it sufficient to conclude that the variables are roughly equal. 
When we assume the factor shares to be constant in time and label the factor shares as = ( ) and = ( ) then after integration of (7) we get
where B represents integration constant. It is quite clear that equations (6) and (8) are very similar, even the same if we allow the "technology" A to follow the standard process when there is a long term constant and changing residuals (see footnote 2).
In other words, if we make logarithmic linearization of (6) or (8) we estimate the same model
It is quite clear that using proper inputs as capital services and labour services in CobbDouglas production function yields the same functional form as we get from accounting identity. The TFP (residual plus constant) now mainly reflects the assumption of constant factor shares which allowed us to connect income identity with CDPF. If we compare the TFP of (6) and (8) to that of (1) it is clear, that it would differ especially because of factor payments which embody the factor´s utilization rate. Estimation of (9) yields very promising results -in its static but also dynamic version of our "pseudo" growth accounting. We can see that when we estimate static (9) it yields very good results. The only problem is possible autocorrelation of residuals but adding AR(1) solves this flaw. The results of model [9B] are statistically correct (regarding the residuals), the fit is very high and estimates almost perfectly equal average factor shares for the 1996-2011 period. Moreover we can see that also the assumption of constant returns to scale is perfectly fulfilled. For the dynamic version the constant term is statistically insignificant while elasticities remain the same as in static version. Again the factor shares again equal elasticities, we have constant returns to scale. Additionally we got rid of the growth of the constant term which would mean that the residual was reduced significantly and our model works even better from the sources of growth explanation Although we should normally be happy that we finally have a proper Cobb-Douglas production function (and CES) estimates, it would not be appropriate. As shown above these "good" results are only a result of tautology which was put forward by Samuleson (1979) and others long time ago. We prove that it is necessary to deal with capital and labour services to get sound estimates. However doing so transforms the CobbDouglas aggregate production function into modification of accounting identity. This is the truth for the Cobb-Douglas function (and CES function) generally -the only difference is the quality of estimate. When the services, i.e. factor payments or some rate of utilization, are not included it may hamper the estimate and/or manifest itself in high TFP. Out of our empirical results we are deeply convinced that CDPF is really a transformation of income identity and probably cannot be claimed as a neoclassical aggregate production function.
Conclusion
Aggregate production function, namely in its Cobb-Douglas or CES form, is still widely used among economists. Moreover its popularity grows from 1990´s especially in connection with increased popularity of "new growth" models. Today we find dozens of various applications utilizing CDPF (in various modifications including index approaches) focusing usually on TFP estimates, convergence, business cycle and potential output. In spite of its popularity the CDPF suffers from several serious drawbacks. There is a long-standing critique of CDPF based especially on the convention that the function itself is not a production function in neoclassical sense but just a transformation of aggregate income identity. If this is the truth we should ask: What new does the aggregate production bring? The answer is, according to our opinion, nothing. Nothing besides a blurred picture of sources of growth and very mysterious residual called TFP, which however mainly represents correction for factors utilization, i.e. factor payments. In our article we tried to compare the aggregate production estimates for the Czech Republic and find out if there is an empirical reason to support the CDPF critique. When standard methodology was used with capital stock for capital and hours worked for labour the results were not convincing. For the standard CDPF estimates the coefficients (elasticities) were far away from the factor shares. When we added the time trend, which is quite standard modification, the capital became negative. Although this might seem as a surprising result it is quite common and even the original CDPF from 1928 would yield such a result. The dynamic form, which is the Solow´s famous growth accounting in fact, did not bring any better results -the capital was again negative and insignificant. When we tried to use a more sophisticated aggregate function -CES function -we got similarly bad results. To conclude we could not statistically reach a reasonable aggregate production function for the Czech Republic on quarterly basis with common functional forms and methods. We decided to use capital services and labour services which are more reasonable especially from the factor utilization point of view. Such approach is in line with contemporary recommendations to production function empirical estimates. However when we put capital and factor services into CDPF we found out that this is truly just a transformation of income identity. Although our approach was mainly based on putting correct data into Cobb-Douglas function, we came to the same conclusion as many critiques of the CDPF. When we estimated such modified function we got very nice results. Estimated elasticities equal factor shares as assumed and the function clearly exhibits constant returns to scale. Unfortunately, this outcome is not because we used proper data and the CDPF worked at last but just because we estimated the income identity in disguise. On empirical basis we have to confirm the conclusions made theoretically by Samuelson (1979) and others that the Cobb-Douglas aggregate production function is most likely nothing more than income identity and economists should be aware of it. 
